We study flat deformations of quotients of a polynomial algebra in a class of graded commutative associative algebras. Functional equations and their solutions in terms of theta functions play important role in these studies. An analog of this theory in a fermionic case is also briefly discussed.
Introduction
An ideal I ⊂ C[x 1 , ..., x N ] is called monomial if it is generated by a set of monomials in C[x 1 , ..., x N ]. Monomial ideals often appear in the crossroad of commutative algebra, combinatorics and algebraic geometry [1] . In this paper we study flat deformations 1 of quotients by monomial ideals. Some of these deformations might play important role in representation theory of infinite dimensional Lie algebras [6] and in the theory of vertex algebras [5] . Let I ⊂ P (N ) be an ideal generated by
Some experimental data
where a 1 , a 2 , ... ∈ C are parameters. We consider I as a deformation of I 0 . This deformation is said to be flat if the algebra P (N ) /I has the same basis (1.1) as the algebra P (N ) /I 0 . We want to find all parameters a 1 , a 2 , ... such that this deformation is flat. To obtain constraints for these parameters we proceed as follows. Consider a monomial 2 x i x i+1 x i+2 ∈ P (N ) /I.
We can transform it in two different ways:
x i x i+1 x i+2 = −(a 1 x i−1 x i+2 + a 2 x i−2 x i+3 + ...)x i+2 = −a 1 x i−1 x 2 i+2 − a 2 x i−2 x i+2 x i+3 − ... or x i x i+1 x i+2 = −x i (a 1 x i x i+3 + a 2 x i−1 x i+4 + ...) = −a 1 x 2 i x i+3 − a 2 x i−1 x i x i+4 − ... Let us replace all products of the form x j x j+1 by −a 1 x j−1 x j+2 − a 2 x j−2 x j+3 − ... everywhere in the r.h.s. of both expressions for x i x i+1 x i+2 . For example, we replace x i+2 x i+3 in the first expression and x i−1 x i in the second expression. Continuing in this way we obtain two expressions for x i x i+1 x i+2 in terms of monomials of the form (1.1). We assume that these monomials (1.1) are linear independent. Equating coefficients of each monomial of the two expressions thus obtained for x i x i+1 x i+2 we get constraints for a 1 , a 2 , .... General solution of these constraints is as follows. Let I q , q ∈ C be a family of ideals generated by α∈Z (−1) α q α(3α−1) 2
x i+3α x i+1−3α , i ∈ Z.
(1.3)
If a deformation P (N ) /I is flat, then I = I q for some q ∈ C. On the other hand, it is proved in this paper (Theorem 5.1) that indeed, the algebra P (N ) /I is a flat deformation of P (N ) /I 0 .
realization of integrable representations of affine Lie algebraŝl 2 of level k. Moreover, the algebra with relations G(z)G(tz)...G(t k z) = 0 (1.5) plays a similar role for a quantum analog [2] ofŝl 2 .
Consider for example the case G(z)G(tz) = 0.
(1.6) Substituting (1.4) into (1.6), expanding and equating to zero coefficients of all powers of z we obtain the relations
On the other hand, we can deform relations (1.6) in a similar way as we have deformed the relations x i x i+1 = 0 into relations (1.3). We obtain the following relations
Substituting the expression (1.4) into (1.7) and equating to zero coefficients of all powers of z we obtain a family of algebras. We believe that this is a flat deformation of an algebra with relations x 2 i = 0, x i x i+1 = 0, see Conjecture 5.1 for details. In Theorem 5.2 we have constructed a flat deformation of the algebra with relations
Probably a similar deformation of relations (1.5) gives an interesting family of algebras. We believe that the study of these and similar algebras, particularly, the study of flat deformations of commutative algebras constructed in [3] may have applications in representation theory and the theory of vertex algebras.
Plan of the paper and main results
In Section 2 we explain our formalism of commutative associative algebras possessing infinite expressions. We also introduce our notations for theta functions.
In Section 3 we explain so-called functional realization of polynomials and other algebras in terms of Laurent series. This is our main tool in obtaining flatness constraints in terms of functional equations.
In Section 4 we obtain necessary and sufficient conditions for flatness of homogeneous deformations of an algebra with relations x i x i+1 = 0 (Theorem 4.1) and, more generally, with relations x i x i+1 ...x i+k−1 = 0 with fixed k > 1 (Theorem 4.2).
In Section 5 we construct flat deformations of an algebra with relations x i x i+1 = 0 (Theorem 5.1) and, more generally, with relations x i x i+1 ...x i+k−1 = 0 with fixed k > 1 (Theorem 5.2). We construct a conjectural flat deformation of the algebra with relations x 2 i = 0, x i x i+1 = 0 (Conjecture 5.1). We also briefly discuss a fermionic case which is similar to bosonic one. We suggest a conjectural flat deformation of an algebra with relations ξ i ξ i+1 = 0 (Conjecture 5.2) and, more generally, of an algebra with relations ξ i ξ i+1 ...ξ i+k−1 = 0 (Conjecture 5.3).
In Section 6 we discuss possible applications of our results and directions of future research.
Notations and conventions
Algebra A. Consider a polynomial algebra P = C[..., x −2 , x −1 , x 0 , x 1 , ...] generated by infinitely many variables x i , i ∈ Z. This is a Z 2 -graded associative commutative algebra: we have P = ⊕ n,l P n,l where P n,l is spanned by monomials x
We want to extend this algebra in the following way: let A n,l consist of infinite formal sums of monomials in P n,l and let A = ⊕ n,l A n,l . For example, i∈Z c i x 3+i x −i ∈ A 3,2 where c i ∈ C are arbitrary coefficients. It is clear that multiplication of such infinite sums is well defined and so A is an associative commutative algebra. Another way of defining A is as follows. Let
The algebra A is the projective limit in the category of Z 2 -graded algebras corresponding to this chain of homomorphisms.
Homogeneous ideals of the algebra A. In this paper we study quotients of the Z 2 -graded algebra A by homogeneous ideals. When we define an ideal in A we use the following convention. Let g i , i ∈ Z be a set of homogeneous elements of A. By an ideal generated by {g i , i ∈ Z} we always mean the set of infinite formal sums i p i g i ∈ A where p i ∈ A. Notice that each of these formal sums should belongs to a direct sum of finitely many homogeneous components A n,l . Quotients of A by such ideals can also be defined as projective limits. Let us illustrate this by the following Example 2.1. Let Q N be a Z 2 -graded algebra with generators x i , − N ≤ i ≤ N and defining relations α+β=i, −N ≤α,β≤N
We assume that deg(
Let Q be the projective limit in the category of Z 2 -graded algebras corresponding to this chain of homomorphisms.
In the sequel we will say in this and similar examples that the algebra Q is the quotient of the algebra A by an ideal generated by α+β=i, α,β∈Z
Dimensions of graded components and cut-off ideals C N . Let I(q) be a family of graded ideals of the algebra A where q ∈ C is a parameter. In this paper we study how dimensions of graded components of a quotient A/I(q) depend on q. For example, we would like to say that for certain family of ideals dim(A/I(q)) m,l does not depend on q or that dim(A/I(q)) m,l ≤ dim(A/I(0)) m,l etc. A technical problem here is that dim A m,l = ∞ and also dim(A/I(q)) m,l = ∞ for all families of ideals we are going to study. To overcome this problem we introduce cut-off ideals C N of the algebra A. By definition C N is the ideal generated by x N +1 , x N +2 , ... In other words, we cut-off all
where Q is a quotient of A. In the sequel when we use a notation dim N we always mean that N ≫ 0.
Theta functions. Fix a complex number τ such that Imτ > 0. A theta function in one variable of degree one is defined by
In this paper we use multiplicative form of this and other theta functions. Introduce new variables z = e 2πiu , q = e 2πiτ and denote θ(u) in these variables by g(z). We have
It is known [7] that the function g(z) can be written as an infinite product
See [7] for this and other facts about theta functions.
Functional realization
Recall that A = ⊕ n,l A n,l is a Z 2 -graded algebra, we assume deg(x i ) = (i, 1). Sometimes it will be convenient to identify ⊕ n A n,l with a vector space of symmetric Laurent formal series in l variables. Let us define isomorphisms ψ l :
where S l stands for symmetric group. For example ψ 1 (
The product of Laurent series A α ⊗ A β → A α+β can be written under such identification as follows
where
We will refer to the identification (3.8) and to the product formula (3.9) as to a functional realization of A.
Flat deformations of algebras with monomial relations
Let I 0 ⊂ A be an ideal in A generated by a set of monomials m α . The quotient A/I 0 is a Z 2 -graded algebra because each monomial m α is homogeneous. Let q ∈ C be a parameter, and let m α (q) be a family of homogeneous elements of A such that m α (0) = m α . We say that the ideal I q is a deformation of I 0 and the quotient A/I q is a deformation of A/I 0 .
Proof. Follows from the usual semi-continuity of rank arguments. Indeed, dim N (I q ) n,l is equal to the rank of a certain matrix depending on q. Therefore, it does not depend on q if q is in generic position and can be only smaller for special values of q. Definition 4.1. A deformation A/I q is flat if dimensions of graded components (A/I q ) n,l and (A/I 0 ) n,l are equal for all n, l.
In this Section we discuss criteria of flatness of such deformations for various set of monomials m α . We will give necessary and sufficient conditions of flatness in the case m α = x α x α+1 ...x α+k , α ∈ Z where k > 0 is fixed. Specific examples of deformations will be discussed in the next Section.
An algebra with quadratic relations
Let I 0 be the ideal of the algebra A generated by monomials y i = x i x i+1 , i ∈ Z. In this Subsection we discuss homogeneous flat deformations of the quotient A/I 0 . It is clear that the following relations hold
We are going to prove that a deformation of the algebra A/I 0 is flat iff the relations (4.10) can also be deformed.
Let B be the quotient of the algebra A by an ideal generated by
where a 1 , a 2 , ... ∈ C are fixed constants. After a change of variable x j → q j 2 x j where q = 0 is a parameter, we obtain an isomorphic algebra B(q), the quotient of the algebra A by the ideal generated by
On the other hand, B(0) is a quotient of A by the ideal generated by the monomials z i (0) = y i = x i x i+1 and is not isomorphic to B. The algebra B(q) is a deformation of B(0), the question is for which a 1 , a 2 , ... it is flat.
where g β (q) are some holomorphic functions and g β (0) = 0.
Proof is based on combinatorial properties of the ideal I 0 generated by y i , i ∈ Z in a polynomial algebra.
Let M be the quotient of the polynomial algebra P = C[x i , i ∈ Z] by the ideal generated by
The algebra M has a basis x
.., i m−1 + 1 < i m and j α = i β + 1 for α = 1, ..., n, β = 1, ..., m.
Remark 4.1. In other words, a monomial is reduced if it is not divisible by x i x i+1 and x iȳi+1 for all i ∈ Z. Definition 4.3. Let u, v be monomials in the algebraP . A monomial v is a reduction of a monomial u if v can be obtained from u by a sequence of the following transformations 1. Replacing x i x i+1 byȳ i for some i ∈ Z. In particular,ȳ i is a reduction of x i x i+1 .
2. Replacing x iȳi+1 by x i+2ȳi for some i ∈ Z. In particular, x i+2ȳi is a reduction of x iȳi+1 . Remark 4.2. It is clear that a monomial u is reduced iff no transformations 1 or 2 can be applied to u. Lemma 4.2. Let u, v be monomials in the algebraP . If a monomial v is a reduction of a monomial u, then φ(u) = φ(v). In particular, for any monomial u ∈P the set of its reductions is finite.
, so each of the transformations 1, 2 from Definition 4.3 preserves the image of a monomial under the map φ. Therefore, any sequence of these transformations also preserves the image.
Notice that for any monomial x l 1 ...x lt ∈ P the set of monomials v ∈P such that φ(v) = x l 1 ...x lt is finite. Therefore, the set of reductions of any monomial u ∈P is also finite. 
Red(u) = {v ∈P ; v is a monomial and is a reduction of u}.
The set Red(u) is finite by Lemma 4.2. Note that 3 u ∈ Red(u) so the set Red(u) is not empty. Take a monomial v ∈ Red(u) and apply transformations 1 and 2 to it until it is possible. Notice that each transformation 1 decreases deg 1 (v) by one and each transformation 2 preserves deg 1 (v) and decreases deg 2 (v) by 1. Since Red(u) is finite, after finitely many applications of transformations 1 and 2 we come to an element w ∈ Red(u) such that neither transformation 1 nor 2 can be applied to w. This means that w is not divisible by x i x i+1 and x iȳi+1 for all i ∈ Z. Therefore, w is reduced by Remark 4.1 and we have proved existence. . In this case we have j
and therefore φ(v) is divisible by x i 1 +1 . This is not possible however because v is reduced by assumption and so i 2 = i 1 + 1 and j a = i 1 + 1 for all a = 1, ..., n. On the other hand, suppose that (4.13) holds. It follows from Lemma 4.1 that dim N B(q) n,l ≤ dim N B(0) n,l for q = 0 because all algebras B(q) with q = 0 are isomorphic. Therefore, the dimensions of graded components of the ideal I q generated by z i (q) for q = 0 can be either the same or larger than these at q = 0. However, it follows from Lemma 4.3 that the ideal generated by z i (q) for q = 0 can not become larger than the one for q = 0 because any element of this ideal of the form x
bn with i 1 < ... < i m , j 1 < ... < j n ∈ Z, 0 < a 1 , ..., a m , b 1 , ..., b n can be written as a linear combination of reduced monomials of such form. To show this let us write (4.12) in the form
Let us also write (4.13) in the form
bn ∈ I(q) we can make the following transformations without changing u ∈ A 1 ′ . Replacing x i x i+1 by z i (q) + O(q) for some i ∈ Z.
These transformations coincide modulo q with transformations 1 and 2 from Definition 4.3 if we replace z(q) i by y i . Lemma 4.3 shows that u is equal to a reduced monomial modulo q. Write u = u (r) + q α s α v α + O(q 2 ) where u (r) is a reduced monomial, s α ∈ C and v α are some monomials. After that we apply the same procedure to each monomial v α writing it as v Since each monomial from the ideal I q can be written as a linear combination of reduced monomials, then dim N (I q ) n,l can not be greater than the number of reduced monomials of degree (n, l). But this number of reduced monomials is equal to dim N (I 0 ) n,l by Lemma 4.3.
Algebras with higher degree relations
Fix an integer k > 1. Let I 0 be the ideal of the algebra A generated by monomials y i = x i x i+1 ...x i+k , i ∈ Z. In this Subsection 4 we discuss homogeneous flat deformations of the quotient A/I 0 . It is clear that the following relations hold
(4.16)
We are going to prove that a deformation of the algebra A/I 0 is flat iff the relations (4.16) can also be deformed.
for some fixed constants a α 1 ,...,α k+1 ∈ C where without loss of generality we assume a 0,1,...,k = 1. After change of variable x j → q j 2 x j where q = 0 is a parameter, we obtain an isomorphic algebra B(q), the quotient of the algebra A by the ideal generated by
It is clear that B(q) ∼ = B(1) = B if q = 0. Assume that the r.h.s. of (4.18) can be written as x i x i+1 ...x i+k + O(q). In this case B(0) is a quotient of A by the ideal generated by the monomials z i (0) = y i = x i x i+1 ...x i+k and is not isomorphic to B. On the other hand, B(q) is a deformation of B(0), the question is for which a α 1 ,...,α k+1 it is flat.
Theorem 4.2. B(q) is a flat deformation of B(0) iff z i (q) satisfy
Proof is similar to the proof of Theorem 4.1. We outline the main steps leaving details to the reader.
Let M be the quotient of the polynomial algebra P = C[x i , i ∈ Z] by the ideal generated by should hold where v a,j,s ∈ C. Moreover, dimension of vector space of such relations should be equal to D s . Substituting the expressions (5.21) into (5.22) and equating to zero all coefficients of monomials in x k we obtain constraints for u a,j , v a,j,s ∈ C which should be solved in order to classify all flat deformations. It is much easier however to do this in terms of generating functions for the coefficients u a,j , v a,j,s . Let us do this using functional realization described in Section 3.
Introduce generating functions for the sequences u a,j , v a,j,s
It is clear that the following equations hold
and
One can verify by direct computations the following identities
Let R(t 1 , t 2 ) be the l.h.s. of (5.31). The function R(t 1 , t 2 ) possesses a Laurent series expansion in t 1 , t 2 . One can verify using (5.32) that
There is no nonzero Laurent series in t 1 , t 2 satisfying these properties.
Theorem 5.1. Let B q be an algebra generated by x i , i ∈ Z with defining relations
Then B q is a flat deformation of B 0 .
Proof. Follows from Lemmas 5.1, 5.2 and Theorem 4.1. Notice that if we define
then in the algebra A we have
3. Deformations of the algebra with relations x 2 i = x i x i+1 = 0. Let I 0 be generated by y
We have relations
Define a function f (t) by
where |q| < 1.
Conjecture 5.1. Let I be an ideal in the algebra A generated by
where t, q,q ∈ C, t = 0. The algebra A/I is a flat deformation of the algebra A/I 0 .
Remark 5.1. To support this conjecture we have verified that the corresponding functional equations (5.26) hold for certain functions g a,s (z).
Remark 5.2. The class of isomorphism of the algebra A/I does not depend onq ifq = 0. Remark 5.3. Letq = 1. Introduce a generating function G(z) = i∈Z z i x i , a formal Laurent series in a parameter z. Relations in the algebra A/I can be written as
In particular, if q = 0, then we have G( 
Algebras with higher degree relations
Let B k,0 , 2 ≤ k be the quotient of the polynomial algebra A = C[x i , i ∈ Z] by the ideal generated by y
We want to study flat deformations of B k,0 in the class of Z 2 -graded algebras of the type described in Section 4.2. Recall that the following relations hold
(5.34)
Suppose that a deformed Z 2 -graded algebra B has relations
for some a α 1 ,...,α k ∈ C where without loss of generality we assume a 0,1,...,k−1 = 1. In order to obtain a flat deformation we need also to deform the relations between relations (5.34). Suppose that after deformation we have
Substituting the expressions (5.35) into (5.36) and equating to zero all coefficients of monomials in x k we obtain constraints for a α 1 ,...,α k , b β ∈ C which should be solved in order to classify all flat deformations. It is much easier however to do this in term of generating functions for the coefficients a α 1 ,...,α k , b β ∈ C. Let us do this using functional realization described in Section 3.
Introduce generating functions for the sequences
Note that f (z 1 , ..., z k ) is symmetric and satisfies the homogeneity condition
Lemma 5.3. Relations (5.36) are equivalent to the following functional equation
7 See Section 3 for definition of ψ k .
It is clear that we can write
Computing the functional realization of the l.h.s. of (5.36) using the formula (3.9) for multiplication we obtain
Using (5.40) we rewrite this as Define functions g(z), f n,k (z 1 , ..., z n ) by
...z
where |q| < 1 and n, k = 1, 2, .... For example,
The following properties of the functions g, f n,k can be verified by direct calculation
Furthermore, f n,k (z 1 , ..., z n ) is a symmetric function in z 1 , ..., z n and satisfies the following recurrence relations
It follows from (5.43), (5.42) that
where ε k = q i , η k+1 = q i , i ∈ Z and ε, η = 1. More generally, we have
where ε k = q i , η k+1 = q i , i ∈ Z and ε, η = 1. This follows either directly from (5.42) or using induction by n from (5.45).
Lemma 5.4. The functions f n,k (z 1 , ..., z n ) are holomorphic if z 1 , ..., z n ∈ C\{0} and |q| < 1. In particular, f n,k (z 1 , ..., z n ) can be represented as Laurent series in z 1 , ..., z n .
Proof. Let us use induction in n. The case n = 1 is clear by (5.42) . Suppose that f n,k (z 1 , ..., z n ) is holomorphic. We need to prove that the r.h.s. of (5.45) is holomorphic as well. Let
We need to prove that Res(z 1 , ..., z n ) = 0 identically. It follows from the induction hypothesis that Res(z 1 , ..., z n ) is holomorphic. It is also clear that Res(z 1 , ..., z n ) is symmetric and satisfies the identity However, one can check that any nonzero Laurent series in z 1 , ..., z n with these properties diverges. Therefore, H (and also Res) is identically zero.
We are interested in flat deformations of quotients of the algebra F in the class of skewsymmetric associative algebras. One can derive functional equations similar to (5.26), (5.39) as a criterion for flatness.
Conjecture 5.2. Let I 0 be the ideal in the algebra F generated by ξ i ξ i+1 , i ∈ Z. Let I be the ideal in the algebra F generated by
Then the algebra F/I is a flat deformation of the algebra F/I 0 .
More generally, fix k > 1. Let
Conjecture 5.3. Let I 0 be the ideal in the algebra F generated by ξ i ξ i+1 ...ξ i+k−1 , i ∈ Z. Let I be the ideal in the algebra F generated by y i i ∈ Z such that ψ k (y i ) = z Then the algebra F/I is a flat deformation of the algebra F/I 0 .
Remark 5.4. To support these conjectures we have verified the corresponding functional equations.
Conclusion and outlook
We have a strong feeling that algebras constructed in this paper constitute just a tip of an iceberg. In particular, commutative algebras studied in [3] should also admit this kind of "elliptic" deformations. Moreover, all these algebras can possibly be deformed further into associative non-commutative algebras. It would be interesting to understand if main objects of Representation Theory and Vertex Algebras (such as universal enveloping algebras of affine Lie algebras and Virasoro algebra) also admit similar elliptic deformations.
The algebra A admits cyclic reductions: we can set x i+N = x i , i ∈ Z where N is fixed. Elliptic deformations of quotients A/I 0 studied in this paper also admit such reductions. After cyclic reduction of these algebras we obtain families of commutative algebras with generators x i , i ∈ Z/N. These algebras and their non-commutative deformations might be connected with Elliptic Algebras [8] .
